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       -
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.
      -

F( , ) = 0     ( 0, 0)  -
       

( . 2.2),     

0y
y
Fx

x
F . (2.2)

   ,   -
 y = f(x),    

 0, y0.      
   ,   ( 0, y0) , 

     ,  

)()( 00

0
xx

dx
dfxfy , (2.3)

:
0dx

df  –   x   

(     x = x0).
 (2.3)    

xkxfy )( 0 ; (2.4)

xky . (2.5)

. 2.2.   

y

xx0
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    , -
       =  – 0

 =  – 0.
     

   ( 0, y0). k    -
  : .tgk

    (2.1)
 ,     ,  -

      

0 0 0 0

... ... 0F F F Fx x y y
x x y y

, (2.6)

0x
F ,

0

F
x

, …,
0

F
y

 –     -

 .
 . 2.1    

    .

 2.1
  

f (x) f '(x)
g(x) g' (x)

g(x) ± q(x) g' (x) ± q' (x)
g(x) q(x) g' (x) q(x) + g(x) q' (x)

)(
)(

xq
xg 0)(,

)(
)()()()(

2 xq
xq

xqxgxqxg

const,
)(xq

C
0)(,

)(
)(

2 xq
xq
xqC

g(x)q(x) 0)(,)(ln)(
)(
)()()( )( xgxgxq

xg
xqxgxg xq

 = const 0
x

x x -1

C x C x lnC

log c x 1,0,
ln
1 Cx

Cx
sin x cos x
cos x - sin x
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 . 2.1

f (x) f '(x)

tg x
x2cos

1

ctg x
x2sin

1

arcsin x 21
1

x

arccos x 21
1

x

arctg x 21
1
x

arcctg x 21
1
x

    :

055,143 2 yyyxxxyF . (2.7)
     -

    .    -
   10x , 00x , 00y .

    0 -
     :

3 0 – 4 + 0 = 0 + 0. (2.8)
0 = 2.      -

  :

2182383 0
0

xy
x
F ; (2.9)

2105,11315,13 0
0

xxF ; (2.10)

325,15,1 0
0

y
x
F ; (2.11)

5
0y

F . (2.12)
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,   ,  
     (2.6):

02325 xxyy . (2.13)

2.4.  

     
    .

,     -
 

xb
dt
dxbya

dt
dya

dt
yda 10212

2

0 , (2.14)

  –    .    
x(t)  y(t)  X(p) Y(p)  -
 p, , :

0
)()( dtetxpX pt  

0
)()( dtetypY pt , (2.15)

       
  
a0 p2 Y(p) + a1 p Y(p) + a2 Y(p) = b0 p X(p) + b1 X(p); (2.16)

dt
dp . (2.17)

         -

    n

n

dt
d   pn, 

dt...   
p
1 ,  x(t) y(t) – -

X(p) Y(p).
      -

   , 
(2.15) –     ,
   –   
  .
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pXtxL )( . (2.18)

 x(t) , X(p) – .
       

     .
    

dtepXpXLtx pt)(
2
1)()( 1 . (2.19)

   ,   
  ( . 2.2),     

  X(p)   x(t). -
      ,    

.      
(2.15)  (2.19).

 2.2

  

x(t) X(p)
 pet )(

   
p

ett
p

))((1

- 1

  1
!

n
n

p
nt

 p
t 1)(1

«  » 2
1)(1
p

tt

 3
2 2)(1

p
tt

 4
3 6)(1

p
tt
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MMe t

  = const x(t) X(p)
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 . 2.2

x(t) X(p)

 
n

i
i

n

i
i pXtx

11
)()(

 )()( pXp
dt

txd n
n

n

 
p
pXdttx

t )()(
0

 22)sin(
p

t

 22)cos(
p

pt

     -
    

x
dt
dxy

dt
dy

dt
yd 122652

2
. (2.20)

,      -
 , . . x(t) = 1(t).    

X(p) = 1/ .
   

      X(p) Y(p):
p2 Y(p) + 5 p Y(p) + 6 Y(p) = 2 p X(p) + 12 X(p), (2.21)

p2 Y(p) + 5 p Y(p) + 6 Y(p) = 2 p
p
1  + 12

p
1 , (2.22)

Y(p) (p3 + 5 p2 + 6 p) = 2 p + 12. (2.23)
  Y:

ppp
ppY

65
122
23 . (2.24)

      -
  .       

      ,    
  p(p + 2)(p + 3):

3
2

2
42

)3)(2(
122

65
122
23 pppppp

p
ppp

ppY . (2.25)
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,   ,  
 

y(t) = 2 – 4 e-2t + 2 e-3t. (2.26)
 ,     

      
,      .

2.5.    - -

     
,       

(  )     -
 1-   (     )  -

   –  . 
       

  xi(t)   (n–1)   -
y(t).      

  .
( 1)( ) ( ),  1,2...i

ix t y t i n . (2.27)

    – n-
,      -

      -
  .    -
  (     ) 

      -
.

    
(    )  y  -

 xi(t) ,    y(t)
   t = t1 > t0  

xi0 = xi(t0).
     

     , . .   
  u(t)    -

 y(t).     xi

    –   
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  t1 > t0   -
    xi0  

   [t0; t1]  u = u[t0; t1].
     

( . 2.3)    :
  

T
nxxxx ..., 21 , (2.28)

  ( ) 
T

muuuu ..., 21 , (2.29)

  

1 2, ...
T

lf f f f , (2.30)

  
T

kyyyy ..., 21 . (2.31)

 x    -
,      
.       -

   n-  .
       

m , l , k  n  
     -

   1-     :

. 2.3.    
    

u x y

f
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1 11 1 12 2 1 11 12 1 11 1

2 21 1 22 2 2 21 22 2 21 2

1 1 2 2 1 2 1

1 11 1 12 2

... ... ... ;
... ... ... ;

...
... ... ... ;

...

n n m l

n n m l

n n n nn n n n nm n nl

x a x a x a x b u b u b u q f q f
x a x a x a x b u b u b u q f q f

x a x a x a x b u b u b u q f q f
y c x c x c1 11 12 1

2 21 1 22 2 2 21 22 2

1 1 2 2 1 2

... ;
... ... ;

...
... ... .

n n m

n n m

k k k kn n k k km

x d u d u d u
y c x c x c x d u d u d u

y c x c x c x d u d u d u

 (2.32)

  (2.32)   -
- -  

;
,

x Ax Bu Qf
y Cx Du

(2.33)

–   , –  -
 , Q –   n l, 

–   ,  D  –   
m.

   ,  
- - ,   (2.33)   -

    y
Ax Bu Qf

y C Du
p

, (2.34)

     
  . 2.4, x0 –    -

.
 Q D  ,   ,   

      .
        

m = 1,  k =1 n   , ,
, D, Q  

11 12 1 1

21 22 2 2
1 2

1 2

...

...
, ,   , 0 , 0

...

n

n
n

n n nn n

a a a b
a a a b

A B c c c D Q

a a a b

. (2.35)
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  - -    -
,       ( -

 )  .    -
 z,     -

 
z = Px, (2.36)

 –  , n n,  
    , . . det P  0.

     -
       

;

,

z Az Bu
y Cz

(2.37)

     
1

1

;
;

.

A PAP
B PB

C CP

(2.38)

      -
    .   -

   
- - .   y   
         

   u  .

. 2.4.     ,
    

(C)
u 1

p

(A)

(B)
x x

(D)

x0

+

+
+ +

y

(Q)

+

f

.
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    - -  -
    , -

   2-  :

1 2y a y a y bu (2.39)
u –  , y –  , ai, b – -
  .

  (2.27),   
 ,  (n–1)   y(i–1)

  xi:

1x y , 2x y (2.40)
   :

1 2x y x ; (2.41)

2 1 2 1 2 2 1x y bu a y a y bu a x a x (2.42)
  - -      -

  (2.32)   

1 2

2 2 1 1 2

1

;
;

.

x x
x a x a x bu
y x

(2.43)

 (2.43)   - - :

2 1

0 1 0
;

1 0 .

x x u
a a b

y x
(2.44)

     (2.43), -
    ,   . 2.5.

. 2.5.     
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     -
-     

,     -
    1-     :

1 1

2 2 3

3 1 2 3

2 3

;
2 5 ;

4 4 ;
2 .

x x u
x x x u
x x x x
y x x

(2.45)

 - -   (2.45):
1 0 0 1

0 2 1 5 ;
4 1 4 0

0 2 1 .

x x u

y x

(2.46)

    
1 3 0
6 0 1
5 2 1

P . (2.47)

    -
-  (2.46),   (2.38).

       -
 MS Excel      

:
( )A  "= ( (A16:C18;A3:C5);( (A16:C18)))"
( )B  "= (A16:C18;A8:A10)"
( )C  "= (A13:C13; (A16:C18))"

       :
( ) = {A3:C5}, (B) = {A8:A10}, (C) = {A13:C13}, (P) = {A16:C18}.

  ,      ,
       -
      (  

    ),  F2,  
Ctrl+Shift+Enter.
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5,6 8,4 11,4 14
5,8 4,2 8,2 6 ;

10,2 10,8 16,8 5

2,8 2,2 3,2 .

z z u

y z

(2.48)

 ,   x  
  z   ,  
 y   u -

 .

2.6.   

       : -
 ( ) .

  –     
  (    , 

 ),        
        

.
( )   – , 

      -
        .

       :
 .

  –  ,    -
     ,    -

       , . .  -
     .

  –  ,   
      -  -

 .        -
  , . .   

     .
      -

.     
:



31

  –  ,
      ( )

 . ,  .
   –  ,  

   ,   .
 ,    -

       -
,    .

 –     
 ,      -

    .
,      

     , -
  .     

  ,     1-  -
.        -

  ,     2-
 .  ,    -

  ( . . 2.7).
  ,    

      -
  . ,   .

    -
 ,    

 = K  + 0. (2.49)
      

    K.   -
,    ,    

  .    ,  
      .

 ,    -
        -

   .
  –      -

,        
   .

  ,    
        -

 ,   . . ,  
,    –     –
  .
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2.7.   

  ,      
     , -
,  .     

       
y = F(x,f),     t. 

   .
    -

    y  
   x:

y  = F(x ). (2.50)
  ( . 2.6, )  

   y ( ).
      f,  

   y = F(x)  
f ( . 2.6, ), y = F(f)  x.

      
  .     

y = Kx.    ,   -
  (  )   K . -

K = y/u,      
  .    -

     (   -
),    ( . . 2.11).

. 2.6.    

) )

f1

f2

f3
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2.8.   

      
  -   .    -

    ,  -
   ,    .

    
     y(t) ( . 2.7).

       
,   .    

        ( . 2.8).

   (  , -
  ,   , -

 ) – -  ,    -
     –  .

   1(t)   

.0,1
;0,0

)(1
t
t

t (2.51)

. 2.8.     

t

x

1

t

x

t

x

t

x

) ) -
( - ,

)

) ) 
( )

. 2.7.  
 

t
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-  ( -  , - ) – -
,       ,  -

    (  ,
   . .). -   -

     .
- (t)   

.0,0
;0,

)(
t
t

t (2.52)

)(1)( tdtt  
dt

tdt )(1)( . (2.53)

      (t) 
  :

   h(t)  -
        -

   (t)  x(t)  =  1(t) 
  , . . (0) = 0 (0) = 0 ( . 2.9, ).

   w(t)  -
       -

  -     , . .
(0) = 0 (0) = 0 ( . 2.9, ).

   ,    -
     

   .

. 2.9.     :
)   h(t);
)   w(t)

) )h(t)y

t

x(t) = 1(t)
w(t)

y

t

x(t) = (t)
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2.9.   

       -
     ,  ,  
    ,    -

  .
    -

    y(t),  -
    x(t).

max

max

( ) sin ;
( ) sin( ),

x t x t
y t y t

(2.54)

xmax, ymax –     ,  –  ,
 – .

  ( ) –  -
        

 A = ymax/xmax     ( . 2.10, ).
  ( ) – 

          
( . 2.10, ).

-   ( ) –
 ,     [+1; j]   

   ( . 2.10, ),    -
    .  -

 Ai   ,  i  .
        

    .

   –   
,     ( . 2.11).

. 2.10.    :
) ; ) ; ) 

) ) )
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 – L = f(lg ),  –  = f(lg ).
L  lg    :

blg , b10 ; (2.55)

AL lg20 . (2.56)
 L   [ ].

 –   ,   -
.
1  = 10  –      10 .
2  = 20  –      100 ;
3  = 30  –      1000   . .

    lg    [ ].
 –   , 

   10 .
     -

     .
  –   , -

   (     ).
    -

:
L = 20lgK  lg  = 0 (  = 1) –   , 

K –    ;

 

,

. 2.11.    

 

0

lg

lg

20lgK

L, 
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0 –  ,    
  ;

 –   – L   ;
       [ / ].

2.10.  

     -
      . -

      
, . .     .

    
 Y(p)    X(p)

   :

)(
)()(

pX
pYpW . (2.57)

   -  -
  

n
nnn

m
mmm

apapapa
bpbpbpb

pA
pBpW

...
...

)(
)()( 2

2
1

10

2
2

1
10 , (2.58)

B(p) = b0 pm + b1 pm-1 + b2 pm-2 + … + bm –  ,
(p) = a0 pn + a1 pn-1 + a2 pn-2 + … + an –  .

   ,  
  n.  (2.57) ,  -

     
Y(p) = W(p) X(p). (2.59)

    X   -
F ( . 2.1)     ( )

    :
F(p) = 0, )()()()( pXpBpYpA ;
X(p) = 0, )()()()( pFpQpYpA .

,   ,       -
,     

)(
)(

)(
)()(

pA
pB

pX
pYpWX ; (2.60)



38

)(
)(

)(
)()(

pA
pQ

pF
pYpWF . (2.61)

 (2.60)    
,   (2.61)   -

  .     
  (2.60)  (2.61).

2.11.   

      
 ,    -

    .    
    :

;
;

.
    ,   

     
   .    

        .
   ,    -

     -
     .

   ,   
       .

    ,   
    .  -

,      .
   :

 ;
;
;

   ;
;

;
.
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  x  K . K -

 .     -
 ,     

 .
 :

 = K· . (2.62)
 

W(p) = K. (2.63)
  ( . 2.12, )

h(t) =K 1(t). (2.64)
    ( . 2.12, )

KA ; (2.65)

KL lg20 ; (2.66)

0 . (2.67)
,     [+1; j],  

,      ( . 2.12, ).

. 2.12.    :
) ; )   ; ) 

h(t)

x = 1(t)
t

K

, 

lg

lg
20 lg K

L,

K

U( )

jV( )

)

) )
0

0

0

0
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   :  ,
, ,    .

 
        -

     ( . 2.13, ).
 :

y(t) = x(t – ). (2.68)
 

W(p) = e- p. (2.69)
  ( . 2.13, )

h(t) = 1(t – ). (2.70)
  ( . 2.13, )  

1A ; (2.71)
0L ; (2.72)

. (2.73)

. 2.13.   :
) ; )   ; ) 

t

, 

lg

lg

L, 

= –

0

jV( )

1

)

) )

U( )

x = 1(t)

h(t)

0

0

0

0
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   ( . 2.13, )  
  ( . . 3.6  . 3.7)

sincos jejW j . (2.74)

  :    ,
   .

  
   x  K. 

 , . .    .
 :

t
xdtKy

0
. (2.75)

 

p
KpW . (2.76)

  ( . 2.14, )
h(t)=K t. (2.77)

  ( . 2.14, )  
KA ; (2.78)

lg20lg20lg20 KKL ; (2.79)

2
)

0
arctg( K . (2.80)

   ( . 2.14, )  -
  ,     

jV( ):
KjjW . (2.81)

      -
        -

,       
  ,   –   .
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 x.  K    -
.

 :

dt
dxKy . (2.82)

 
KppW . (2.83)

     
( . 2.15, )  -  (2.53)

)()( tKth . (2.84)
  ( . 2.15, )  

KA ; (2.85)

, 

. 2.14.   :
) ; )   ; ) 

t

x = 1(t)

arctgK

 = K = 1

lg

lg

20lg K

L, 

U( )

jV( )

– /2

h(t) )

) )
 

– 20 /

0

+

0

0

0
0
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lg20lg20lg20 KKL ; (2.86)

20
arctg K . (2.87)

    ( . 2.15, ) -
   ,   

  jV( ):
jKjW . (2.88)

     
         -
:

dt
dUCI ; (2.89)

, 

. 2.15.    :
) ; )   ; ) 

t

x = 1(t)

 = 1

lg

20lg K

L, 

U( )

jV( )

+ /2

h(t)
)

) )

lg

 
+20 /

0

+

0

0

0

0
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dt
dILU . (2.90)

  
    , 

     .
 :

dt
dxKy

dt
dyT . (2.91)

 

1Tp
KppW . (2.92)

   ,   -
      -

    ,   , 
    .

  ( . 2.16, )  , 
x(t) = 1(t)  

T
t

e
T
Kth )( . (2.93)

  ( . 2.16, )  

1
)(

22T
KA ; (2.94)

1lg20lg20 22TKL ; (2.95)

1arctg
T

. (2.96)

    ( . 2.16, ) -
   ,   -

U( )    jV( ):

11 2222

2

T
Kj

T
KTjW . (2.97)
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     T

   x  K.
 :

Kxy
dt
dyT . (2.98)

 

1Tp
KpW . (2.99)

  ( . 2.17, ),   
 (2.98),  , x(t) = 1(t)  

)1()( T
t

eKth . (2.100)

, 

. 2.16.    :
) ; ) , ; ) 

t  3T

K
T

h(t)

t

 

0 = 1/T

lg

lg

20lg K/T

L, 

0

+ /4

U( )

jV( ) 

)

) )

0

K
T

+ /2

+

0

0

 
+20 /

= 1/K
0
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  ( . 2.17, )  

1
)(

22T
KA ; (2.101)

221lg20lg20 TKL ; (2.102)

)arctg(T . (2.103)
   ( . 2.17, )  -

  ,   U( )  
  jV( ):

11 2222 T
KTj

T
KjW . (2.104)

 . 2.17    .

, 

. 2.17.   :
) ; ) , ; )

t  3T

K

h(t)

0,632K

T t

 

 = K/T0 = 1/T

lg

lg

20lg K

L, 

– /2
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K
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+
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     -

T1 T2    x  K.
 :

Kxy
dt
dyT

dt
ydT 22

2
2

1 . (2.105)

 

121
)(

1
22

12
22

1 pTpT
K

pTpT
KpW . (2.106)

  ( . 2.18, )

teKth t arctgsin1)(
22

, (2.107)

   

2
1

2

2T
T , (2.108)

    

2
1

2
2

2
1

2
4

T
TT

. (2.109)

    
 –  ( )

1

2

2T
T . (2.110)

   , ,  < 1.
  1,       

 ,   .
  ( . 2.18, )  

22
2

222
11

)(
TT

KA ; (2.111)

22
2

222
11lg20lg20 TTKL ; (2.112)
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22
1

2

1
arctg

T
T . (2.113)

   ( . 2.18, )  -
  ,   U( )  

  jV( ):

22
2
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1

2
22

2
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1
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1

11
1

TT
KTj

TT
TKjW . (2.114)

 . 2.18    .

, 

h(t)

t

 

0= 1/T1

lg

lg

20lg K
L, 

jV( )
-

 

K

T1 < 2T2

T1  2T2

U( )
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) ; ) , ; )

)
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K
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+

 
– 40 /
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0
0
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  .      ,

      -
  .

 
  -

 ( . . 5.3).     
x       K .

   :

T
K

dt
dxK

T
y . (2.115)

 
1TpKpW . (2.116)

   ,    -
       -

  ,   ,   
  .

  ( . 2.19, )  , 
x(t) = 1(t)  

1)()( tTKth . (2.117)

  ( . 2.19, )  

1)( 22TKA ; (2.118)

1lg20lg20 22TKL ; (2.119)

Tarctg . (2.120)

   ( . 2.19, )  -
  ,   U( )  

  jV( ):
jKTKjW . (2.121)
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+
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   .   
,     ,  -
       .

      
      , 

     ,  -
       .

        -
     

 «  – ».
  

,      -
     ( . 2.20).

      
  :

.)(
.....................

;)(
;)(

1

122

11

nn ypWy

ypWy
xpWy

(2.122)

  y, ,   -
   ( . 2.20)  

 :
n

i
in pWpWpWpWpW

1
21 )()(...)()()( . (2.123)

  
,      -

     ( . 2.21).
      

    :

W1(p) W2(p) Wi(p)
i

. 2.20.     

1 2
Wn(p)… …
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y = y1 ± y2 ±…± yn. (2.124)
 y   

, ,      ( .
2.21)       :

n

i
in pWpWpWpWpW

1
21 )()(...)()()( . (2.125)

,   
     «+»  -

 «–» ( . 2.22).

     

.)(
;)(

2

1

ypWx
xxpWy

oc

oc (2.126)

   , 
ypWxpWy )()( 21 ; (2.127)

ypWpWxpWy )()()( 211 ; (2.128)

xpWpWpWy )()()(1 121 . (2.129)

. 2.21.  
  

W1(p)

Wn(p)

±
±

±

1

2

n
………

W2(p)

. 2.22.   ,
  

W1(p)

W2(p)
±
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 y x,   -
  ,     

 

)()(1
)()(

21

1

pWpW
pWpW , (2.130)

 «+»   , «–» – .
)()()( 21 pWpWpW . (2.131)

W (p) –    .
     

      ,
 ,     .

 
      -

      -
    .

    ( . 2.23) WP (p) -
 

)()()()( 210 pWpWpWpW . (2.132)

      -
WX(p)  

)(1
)()(

)(
)()( 21

pW
pWpW

pX
pYpWX . (2.133)

 ,      -
    [1 + W (p)] .

      WF(p)
 

. 2.23.    
  

W2(p)

W0(p)

x +

–

f

W1(p)
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)(1
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pW
pW

pF
pYpWF . (2.134)

 ,     -
      [1 + W (p)] .

      -
W (p)   :

)(1
1

)(
)()(

pWpX
ppW . (2.135)

 (2.137 – 2.139)    
      ( .

. 4.2).
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2.13.   

      -
      -

        .
,     x,  y,  
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1

2
2

1
10

10
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)( . (2.136)

    ,  
      

:

xbpbyaypaypaypaypa nn
nnn
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2

2
1

10 ... . (2.137)
  (2.137)   p:

yaypaypaypaxbpb
a

yp nn
nnn

1
2

2
1

110
0

...1 . (2.138)

    
 pny    ( 0p + 1)x  
  ,   1,

2, ..., n-1, n:

0

0
0 a

b ,
0

1
1 a

b ,
0

1
1 a

a ,
0

2
2 a

a ,….,
0

1
1 a

an
n ,

0a
an

n . (2.139)

 y    
   pny.   

n   ,   -
    pny p·y ( . 2.24).

   (2.138)   
 ,   . 2.25.

. 2.24.    

np y 1np y 2np y p y1
p

… 1
p

y1
p
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2.14.  

1.    ?    -
    ?

2.     ?  -
  ?

3.     
    ?

4.    ?    ?
5.     

    ?
6.       -
  ?
7.      -

   ?
8.        -
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9.     ?  

      ?
10.     ?   -
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. 2.25.     ,
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p
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1
p
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x
1
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2 n-1 n

-
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11.     ?  
?

12.    ?  -
     ?
13.      ?

  ?
14.       .
15.     .
16.      -
?
17.       ?
18.     ?
19.      ?
20.      .
21.      ?
22.      

   ?
23.      -
 ?
24.      

?
25.    ,   ?
26.       
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3.    

3.1.    

     -
   .     -

      . 
    
,   .   (2.137) -

 
yapapa n

nn ...1
10 . (3.1)

  –    
     , -

    .
     

     
tyapapa n

nn 0...1
10 . (3.2)

     
      

,    .  , -
       .

      
       ,

  (    -
).
  ,     -
        -

,   .
      

  ,    -
,      

 .
     : -

  .
    (

,  ,  ,  ).
      -

     .  
      

   .
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   -  (
,  ).   

      .
      

  ,    -
  .

3.2.   

     
    

n
nnn

m
mmm

apapapa
bpbpbpb

pA
pBpW

...
...

)(
)()( 2

2
1

10

2
2

1
10 , (3.3)

B(p) = b0 pm + b1 pm-1 + b2 pm-2 + … + bm –  ,
(p) = a0 pn + a1 pn-1 + a2 pn-2 + … + an –  .

   , -
   ,  -

 ,     .
  (p)    

  ,    -
  :

a0 pn + a1 pn-1 + a2 pn-2 + … + an = 0. (3.4)
   pi 

        ( . 3.1):
pi =  j  = Re(pi) jIm(pi). (3.5)

. 3.1.   
  

Re

Im

0

3

2

1

5

5

4

4
6
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   :
:
 (1);

 (2);
 (3);

:
  (4);

  (5);
   :

 (1, 2, 3);
 (4, 5): pi =  j ;

 (6) pi = pi +1 = ….

3.3.    

     -
        -

  (3.4).
  

    ,  
       -

, . .  < 0 (3.5).       -
  .

         (  = 0), 
,      , 
     .

        
(  > 0),       

 .
  

    

25,125,22
43)( 23 ppp

ppW . (3.6)

 : p3 + 2p2 + 2,25p + 1,25 = 0.
 : p1 = – 1; p2 = – 0,5 + j; p3 = – 0,5 – j.

    , ,
 .
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 .      .

  
    ,   -

    .
    (3.6)    -

  .

3.4.  

. .     
   ,     -

     -
 :

1)       
,       -

n:
Ck,1 = a0, a2, a4,… (3.7)

2)       
,      n–1:

Ck,2 = a1, a3, a5,… (3.8)
3)      

 (3.4)  
Ck,i = Ck+1,i-2 – ri·Ck+1,i-1, (3.9)

ri = C1,i-2/C1,i-1, (3.10)
i  3 –  , k –  .

    ( . 3.1)    -
  n.

 3.1
 

ri i \ k 1 2 3 4
– 1 C11 = a0 C21 = a2 C31 = a4 ...

– 2 C12 = a1 C22 = a3 C32 = a5 ...

r3 = C11/C12 3 C13 = C21 – r3C22 C23 = C31 – r3C32 C33 = C41 – r3C42 ...

r4 = C12/C13 4 C14 = C22 – r4C23 C24 = C32 – r4C33 C34 = C42 – r4C43 ...
... ... ... ... ... ...
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     ,  -

    C11, C12, C13,...  -
 .    ,   ,  -

         .
      

   .    -
  .  –  ,  

   ,     
 .

3.5.  

 .      -
       
     .
 ,     

-   ( . . 2.10)

)(
)()(

pA
pBpW . (3.11)

   ,  
  , ( . . 2.12)  

)()(
)(

)(
)(1

)(
)(

)(11
)(

)(
pBpA

pB

pA
pB

pA
pB

pW
pW

pW . (3.12)

 ,     -
        

    W (p):
A(p) + B(p) = d0 pn + d1 pn-1 + ….+ dn-1 p + dn. (3.13)

     
,     -

   (3.13).
        -

      
 ,  d1  dn.
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      ,
      d ,

  – .     0 
, n  .

nd

dd
ddd
ddd

000

00
0
0

31

420

531

. (3.14)

  
      ,

  n      -
:

011 d ; 0
20

31
2 dd

dd
  . . (3.15)

       ,  
    .     -
  ,   ,   

    .
  

    

234

23

32
1692

)(
)()(

ppp
ppp

pA
pBpW . (3.16)

    , 
   ,    -

     -
:

A(p) + B(p) = 2p4 + 3p3 + p2 + 2p3 + 9p2 + 6p + 1 =

= 2p4 + 5p3 + 10p2 + 6p + 1. (3.17)
   n  4,  

    4 4.  
    : d0 = 2, d1 = 5, d2 = 10,

d3 = 6, d4 = 1.
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11020
0650
01102
0065

. (3.18)

   :
1 = 5 > 0;

03862105
102
65

2 ;

0209)6621550100()0520166105(
650
1102
065

3 ;

4 = 1 3 = 1 209 > 0.
   ,   -

.

3.6.    

   ,  
    ,   

 
pe

pA
pBpW

)(
)()( , (3.19)

 –  .
      -

        . 
      

 . .   . .
 ,    , -

        -
 . .    .

 . .     -
,     

 .    (3.19), -
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    , 
      :

A(p) + B(p) e- p. (3.20)
 D (j )    -

     ,  -
  p   -

 j :

j
m

jmjm
n

nn

ebejbejb

ajajajD

...)()(

...)()()(
1

10

1
10 , (3.21)

1j  –  .
       -

     

sincos je j . (3.22)

  j    ,
 (3.21)      (3.22)  

  
)()()( DD VjUjD ; (3.23)

 UD( ) –   ,   -
 ,   j; VD( ) –  ,

   ,  j.
  ,    n = 3, m = 2

sincoscos 12
2

03
2

1 bbbaaU D ; (3.24)

sinsincos 2
2

012
3

0 bbbaaVD . (3.25)
     -

  [+1; j]  D (j ) (3.23)   -
  0   UD( ) VD( ) –   -

  ( . 3.2).
  

      ,
      -

    [+1; j]    -
   ,  n -

,  n –     -
  .
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       -
      ,  -

,      .

    . ,  
   ,     -

   .    ,
     .

3.7.    

 .    -  -
     

     .  
    .

      [+1; j]  
  ,    ( )   

    ( ).  
  -  .

     ( )
    ,  ( )  –
  :

)()()()()( 4321 AAAAA ; (3.26)

)()()()()( 4321 . (3.27)

. 3.2.  
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 ( )  ( )   
U( )  V( )    
W(j ) .

,      
 p  j . ,  -

 U( )  V( ) ,  
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)1(

)1(1
)(

T
KTjK

jT
jT

jT
K

jT
KjW

)()(
11 2222 VjU

T
KTj

T
K . (3.28)

( )  ( )   
W(j ):

)()()( 22 VUA ; (3.29)

)(
)(arctg)(

U
V . (3.30)

U ( )  V ( )  -
     W (j ) 

  ( )  ( ):

AU cos)()( ; (3.31)

AV sin)()( . (3.32)

  
   ,   

      , 
      [+1; j] ( .

3.3)     0      -
 (-1; j0).     

   (-1; j0),      -
.
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     ,  
      

   W(j )   -
  0   m/2    
   (-1; j0),  m/2   

  +1     (-1; j0) ( .
3.4).     +1    ,
   – .   = 0  

 W(j )     -
 +1     (-1; j0),  ,  -

  1/2    . m -
      

     .
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0
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-1  = 0 = 0
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      -
        (-1; j0)

, . .      , 

1
)(
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jA
jBjW , (3.33)

 D (p) = A(p) + B(p) = 0 , , 
      

 (0 ± j ),      
  .

   .    
,   ,  ,  ,   ,
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   –  ( . 3.5).  ,    -
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 –  -    m/2    -
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.
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      -

      ( . 3.6):
)()()()( 321 LLLL ; (3.34)

)()()()( 321 . (3.35)
         

,     ,    .
      A 

       
U( )     (-1; j0) ( . 3.7).

        
  U( )  - , -

        1.

. 3.6.  
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  : 6L  30 .

       
       -
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      , -
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,        
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 ( . . 2.5):
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T
nxxxx ..., 21 . (3.36)

 ,    –  
   (  ),    

    (2.32  2.33).
 –    

 ,     
   .    

        -
 .

  ,  
  u(t),     

 x(t0)     
x(tK)     (t0 – tK). , -

   ,  u(t) 
        xi(t).

      ,
   ,  , -

  . .
  n-   ( n  -

 ), m  k ,   -
    

;
.

x Ax Bu
y Cx Du

(3.37)

   
   , 

K   , . .  
 n.
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    ,  
 – .  ,   -

       -
  (   ).

     
  ,   ,

      W (p)
 

2

1

11 11 1

O

O OO

O O OO

O O

K
K T pKpW p K K p T p p K KK K pp T p T p

.(5.51)

   ,    -
 , T ·p >> 1.     -

         ,
      . 
      ,  -
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      . 
    ,    -

      ,   -
     ,    

,     , . .  -
 .

       -
 ,   WO (p),

      
K0 >> 1.

     ,  -
 :

1 1
11

O

O

O

KW p
K W p W pW p

K

, (5.51)

. . K0 >> 1,  1/K0  0.
,     -

        
 ,     -

 .
 , WOC(p) = KOC·p, WO (p) = 1/ KOC·p ,  .  .  

       -
 .     

   ,    .

5.6.    

     -
   .

 
     . . .

    .    
   ,   

      -
.        -

    (5.52). 
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      . 
     ,  -

      -
    
.     ,    -

       
        

,      .  
    , -

       .
    

A(p) = a0p3 + a1p2 + a2p + a3 = 0. (5.52)
  (5.52)    

A(p) = (p + 1)(b0p2 + b1p + b2) = 0; (5.53)

a0 = b0; (5.54)

a1 = b0 1 + b1; (5.55)

a2 = 1 b1 + b2; (5.56)

a3 = 1 b2. (5.57)
  (5.53)     -

 .     
,  b2      -

 .   b2   -
   .

   b0, b1 b2
       

 = 98 %,   
1 12 ln ln 4

1 0,02
, (5.58)

  –       -
 ,   

.
       -

     (5.53) ( . . 2.11)
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2
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2
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2 22
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b bb b b

bb b b
b

. (5.59)

  (5.57)  (5.58) 
2

2
0 2 1

4
16

b b b . (5.60)

   
 (5.53)      -

  ,  .
  

     -
        

      -
    , . . -

      ( . . 4.3).
  ,      -

   ( . . 3.2).    -
 ,      -

    ,  
  ,   -

   . .,      
.

    -   
    ,  

,     -
 .    ,  

   ,   -
  .

     -
 ,    y  -

  x:
(a0 pn + a1 pn-1 + a2 pn-2 + … + an)y =

= (b0 pm + b1 pm-1 + b2 pm-2 + … + bm)x. (5.61)
   ( . . 2.10)
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2
2

1
10 , (5.62)

   pi, 
(3.5),  

pi =  j . (5.63)
    – ai bi (5.62) -

      ,
   .

    -   ( -
 ,    . .),    

 (5.62),     
    ,    
      
      .
       

   .  -
    ,     -
 .     

   -     
   ( . . 3.2, 3.3  . 4.3).

   
      -

      
   .     

    , 
  ,  ,     -

 .     .
      

 - .
-   – ,    

pi    W(p) 
  , . .    -

  (  ).
-      

( )     ,    -
 A( ),       

    .
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   ,   
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 .      -
     .

2.   .   
    ,    -
  .    -

   ,     
      -

    .   -
     

  .
3.     -

 .     -
  .    -

  WCK(p),  – WO(p)  
     – WK (p), 

  
)()()( pWpWpW OCK . (5.64)

    ,
 ,   

)()()( OCK LLL . (5.65)

   
)()()( OCK LLL . (5.66)

 ,      -
    ,  

      -
     .
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     .
     -
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       -
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.
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1)      –   

. 5.15.       
.  = – 40 / ;

2)    –    . 5.15.  -
      

.  = – 20 / ;
3)      -

        -
  –    . 5.15;

4)      -
  (5.19),   0.   -

     :
20lg 20lgCK OK K K ; (5.67)

0.

KK . (5.68)

   -
      

 ( . . 5.4);
5)      -
        -

  ( . . 3.8).



120

      -
 .         
      

L  > L     > ,     .

. 5.15.     



121

5.7.  

1.      ? 
?

2.       .
3.     ?  .
4.       -

  ?   
.

5.     -
     .

6.     -
     .

7.        -
 ,    .

8.       -
?
9.  - -

    .
10.       .
11.      ,  -

     ?
12.        ?
13.         -

 ?
14.   -  ?
15.      -

 .



122

       -
     

      -
   ,   -

   ,   , -
       -

.
   «   -

»   ,  
 .

     
   Simulink  

MATLAB®,   «   
» (« »),   VisSim®  .



123

  

   :
1.     

   x0, y0, 0x , 0y .
 :

1. 012715 2 yyyxxxy , (x0 = 2, 10x , 00y ).

2. xyxyx 22 , ( 40x , 20y ).

3. xxxyxxyx cossincossinsin , ( 1,00x ; 30y ).

4. xxyyxy 4352 2 , (x0 = 5, 20x , 40y ).

5. 2
41212

x
xyyx , ( 30x , 10y ).

6. 02623 2 xyxxy , ( 10x , 20y ).

7. 0222 xyxyyx , ( 10x , 50x , 40y ).

8. 02 xdydxyyx , ( 20x , 10x , 10y ).

9. 02222 ydydxxyyx , ( 50x , 70y ).

10. 022 22 yyyxyx , ( 30x , 20y ).

11. xyyxyx 102 22 , ( 30x , 50x , 10y ).

12. xyxyx lg3 , ( 100x , 20x , 10y ).

13. xyyyx 23arctgarctg2 , ( 30x , 10y ).

14. xxyyyx cos2loglog 22 , ( 80x , 20y ).

15. xyyxyyx ln2100 , ( 20x , 5,00y ).

16. yxyx
y

y
x

x 24sin2sin2 , ( 30x , 10x , 10y ).



124

 :
1.     ?
2.     ?
3.     

?
4.     ?

  
   

   :
1.      , 

     ,  
 .

2.        -
        .1.

3.      
  ,   Subsystem  Sim-

ulink.        -
 ,   Step,   

.
4.       -

 .

 :

   
A B C P

1
980
210

223

5
0
6

042
980
210

223

2
736

030
100

5
5

0
520

503
514
246

3
250
690
941

0
1
3

202
210
403

442



125

   
A B C P

4
563

021
012

3
0
1

530
234
503
220

5
408
060
519

5
5

5
001

103
215

055

6
414

120
001

0
5
1

120
125
106

031

7
100
593

182

1
4
0

301
342
040
534

8
867

010
352

0
1
6

120
522
110
310

9
255

041
014

0
5

0
143

064
251
322

10
694

050
181

5
2
1

500
144
440
425

11
463

040
231

6
2
0

410
041
530
321

12
253
020
617

2
1
0

502
040
322
554

13
970
221

413

4
1
5

033
960
220

124

14
626

020
211

2
2
1

111
413
424
235



126

   
A B C P

15
675

010
261

0
1
5

230
632
111
310

16
101

050
428

1
1
3

202
101
414

044

 :
1.     

    ?
2.       

?
3.     

   ?     
   ?

4.       ?
5.     ?  

      ?
6.     

?

   

   :
1.      

      .
2.      -

 ,     .

 :

 : 11 )( KpW ;
p

KpW 2
2 )( ; 33 )( KpW .

W2(p)

W3(p)
-

W1(p)



127

 : 11 )( KpW .

 :

11 )( KpW ;
1

)(
2

2
2 sT

KpW ;
p

KpW 3
3 )( .

 :

11 )( KpW ;
p

KpW 2
2 )( ; pTpW 33 )( ;

p
KpW 4

4 )( .

 :

11 )( KpW ;
1

)(
2

2
2 pT

KpW ;
p

KpW 3
3 )( ; 44 )( KpW .

W2(p)
-

W1(p)
+

W4(p)

W3(p)

W2(p)
-

+

W1(p)
+

W4(p)

W3(p)

W1(p)
-

+

W2(p)
+

W3(p)

W1(p)
-

+



128

 :
11 )( KpW ; 22 )( KpW ; 33 )( KpW ; 44 )( KpW .

 :

p
KpW 1

1 )( ;
p

KpW 2
2 )( ; pTpW 33 )( ; 44 )( KpW ; 55 )( KpW .

 :

11 )( KpW ;
p

KpW 2
2 )( ; pTpW 33 )( ; 44 )( KpW ; pTpW 55 )( .

 :

p
KpW 1

1 )( ;
p

KpW 2
2 )( ; pTpW 33 )( ; pTpW 44 )( .

-
W1(p)

-
W2(p) W3(p)

W5(p)

W4(p)

W1(p)

W2(p)
+

W4(p)

W3(p)
+

+

+

W1(p)
-

+

W2(p)
+

W5(p)W3(p)

+

W4(p)

- -
W1(p)

-
W2(p) W3(p)



129

 :
11 )( KpW ; 22 )( KpW ; 33 )( KpW ; 44 )( KpW ; 55 )( KpW ;

66 )( KpW .

 :

11 )( KpW ;
1

)(
2

2
2 pT

KpW ; 1)( 33 pTpW ;
p

KpW 4
4 )( ;

pTpW 55 )( .

 :

p
KpW 1

1 )( ; pTpW 22 )( ; pTpW 33 )( ; 44 )( KpW ; 55 )( KpW .

-
W1(p)

-
W2(p) W3(p)

W5(p)

W4(p)

++

W1(p)

W2(p)
-

W5(p)

W3(p) +

-

+

W4(p)
+

W6(p)

W1(p)
-

W2(p)
+

W5(p)

W3(p)
+

+
W4(p)

+

+

+



130

 :

p
KpW 1

1 )( ; pTpW 22 )( ; 1)( 33 pTpW ;
1

)(
4

4
4 pT

KpW ;

p
KpW 5

5 )( ; 66 )( KpW .

 :
11 )( KpW ; 22 )( KpW ; 33 )( KpW ; 44 )( KpW ; 55 )( KpW .

 :

p
KpW 1

1 )( ; pTpW 22 )( ; 1)( 33 pTpW ;
1

)(
4

4
4 pT

KpW .

W1(p)
-

W2(p)

+
W3(p)

+
W4(p)

+

+
+

+

-
W1(p)

-
W2(p) W3(p)

W4(p)

W5(p)

+++ ++

-

+

W1(p)
-

W2(p)
+

W3(p)
+

+
W4(p)

+

+

W5(p)

W6(p)

-



131

 :

p
KpW 1

1 )( ; pTpW 22 )( ; pTpW 33 )( ;
1

)(
4

4
4 pT

KpW ; 55 )( KpW .

 :
1.      ?
2.      ?
3.      

   ?
4.     

 ?
5.      

?
6.    ,   ?
7.       

   
?

  

   :
1.      

       -
 .

2.     
  Simulink    .

W1(p) W2(p)
+

W5(p)

W3(p)
+

+
W4(p)

+

+
+

+



132

 :

1.
135,01,002,0

1034,0)( 23 ppp
ppW .

2.
13,02,01,0

102,01,0)( 23

2

ppp
pppW .

3.
125,01,0

125,0)( 2 pp
ppW .

4.
103,002,001,0

101,0)( 23

2

ppp
ppW .

5.
14,003,002,001,0

1)( 234 pppp
pW .

6.
11,003,0

1123,0)( 23

2

pp
ppW .

7.
31,02,01,0

33,01,0)( 23

2

ppp
pppW .

8.
12

15,01,005,0)(
23

p
ppppW .

9.
11,005,002,0

)( 23 ppp
ppW .

10.
105,0

01,0)( 2p
ppW .

11.
31,02,01,004,0

19,06,0)( 234

23

pppp
pppW .

12.
ppp

pppW
1,02,01,0

25,005,0)( 23

2
.

13.
105,0
105,0)( 2

2

p
ppW .

14.
11,02,0
125,01,0)( 2 pp

ppsW .

15.
p

ppW
1,0

105,0)(
2

.

16.
ppppp

ppppW
1,02,01,005,001,0

125,005,001,0)( 2345

23
.



133

   

   :
1.       

     
 .

2.     -
 .

 :

.     

1 R  = 10 ;
R  = 100 

2 R  = 1 ;
C  = 100 

3 C  = 1000 ;
R  = 10 

4 R  = 10 ;
L  = 750 

R

U U

L

R

U U

C

C

R

U U

R

R

U U



134

5 R  = R  = 1 ;
C  = 100 

6 R  = R  = 10 ;
C  = 1000 

7 R  = R  = 10 ;
L  = 750 

8
R  = 100 ;
R  = 10 ;

L  = 750 

9
R  = R  = 100 ;

L  = 1 ;
C  = 1000 

10
R  = R  = 100 ;

L  = 1 ;
C  = C  = 1000 

R

U U

C

RL

R

RL

U U

C

C

R

R

L

U U

R

RL

U U

R

R

U U

C

C

R

R

U U



135

11
R  = 100 ;

L  = 1 ;
C  = C  = 1000 

12
R  = 100 ;

L  = 1 ;
C  = C  = 1000 

13
R  = 10 ;

R  = 100 ;
C  = 1000 

14
R  = 100 ;
R  = 10 ;

C  = 1000 

15
R  = 1 ;

R  = 10 ;
L  = 750 

16
R  = 1 ;

R  = 10 ;
L  = 750 R

R

U U

L

R R

U U

L

R

R

U U

C

R R

U U

C

U U

RL C

C

U U

RL C

C



136

17
R1 = 20 ;
R2 = 10 ;
R3 = 50 

18 R1 = 100 ;
C2 = 1000 

19
R1 = 10 ;

C2 = 1000 ;
R3 = 100 

20
C1 = 1000 ;

R2 = 50 ;
R3 = 50 

21
L1 = 750 ;

R2 = 5 ;
R3 = 10 

22
R1 = 5 ;
R2 = 5 ;

L3 = 750 U UR2

L3R1

U U

R1

C2

R3

U UR2

L1 R3

U U

C1

R2

R3

U U

R1

C2

U U

R1

R2

R3



137

23
L1 = 750 ;
R2 = 100 ;

C3 = 1000 

24
R1 = 100 ;

L1 = 1 ;
C2 = 1000 

25
R1 = R3 = 100 ;

L1 = 1 ;
C2 = 1000 

26
C2 = 1000 ;

R3 = 100 ;
L3 = 1 

27

R1 = 100 ;
C2 = 1000 ;

R3 = 100 ;
L3 = 1 

28
R1 = 1 ;
R2 = 2 ;

C1 = 1000 U U

R1

R2C1

U U

L1R1

C2

R3

U U

L3R3

C2

R1

U U

L3R3

C2

U U

L1R1

C2

U UR2

L1 C3



138

29
R1 = 100 ;
R2 = 100 ;

C2 = 1000 

30 R1 = R2 = 100 ;
C1 = C2 = 1000 

31

R1 = 10 ;
R2 = 100 ;

L1 = 1 ;
C2 = 1000 

32

R1 = 10 ;
R2 = 10 ;
L1 = 1 ;

C2 = 0,01 

 :
1.      

  ?
2.    .
3.    

     .
4.    

     .
5.       

 ,   
.

6.  - -
    .

U U
C2

R2

L1R1

U U
C2

R1

R2

U U

L1R1

C2 R2

U U
C2

R1

R2C1



139

   

   :
1.       -

       -
 .

2.       -
      -

 .
3.      -

       -
 L   ,       

.

 :

 .   

1 1,0)(1 pW ;
15,0

10)(2 p
pW ; 5)(3 pW ; 1)( pW

2
11,0

1,0)(1 p
pW ;

15,0
10)(2 p

pW ; 2)(3 pW ; 2)( pW

3 10)(1 pW ;
15,0

5,0)(2 p
ppW ;

15,0
1)(3 p

pW ; 1)( pW

4 10)(1 pW ;
p

pW 5)(2 ;
15,0

1)(3 p
pW ; 1,0)( pW

5 1,0)(1 pW ;
15,0

5,0)(2 p
ppW ;

p
pW 5)(3 ; 10)( pW

6 5)(1 pW ;
15,0

1)(2 p
pW ; 15,0)(3 ppW ; 1)( pW

7 1)(1 pW ;
12,001,0

5)( 22 pp
pW ;

p
pW 2)(3 ; 1)( pW

-
W1(p)

W (p)

W2(p) W3(p)



140

8 pepW 1,0
1 )( ;

15,0
10)(2 p

pW ; 2)(3 pW ; 1)( pW

9 pepW 1,0
1 )( ;

13,0
3)(2 p

pW ;
13,0

10)(3 p
pW ; 1)( pW

10 pepW 1,0
1 )( ;

p
pW 2)(2 ; 5)(3 pW ; 1)( pW

11 pepW 1,0
1 )( ;

p
pW 2)(2 ;

15,0
10)(3 p

pW ; 1,0)( pW

12 pepW 1,0
1 )( ;

p
pW 2)(2 ;

12,001,0
1)( 23 pp

pW ; 1)( pW

 :
1.     ?
2.    ?   ?
3.     .
4.      ?
5.      ?
6.       .
7.     .
8.     

?
9.       ?

10.     .
      

 .
11.        

  ?
12.         

 ?



141

  

1. , . .   : . 
/ . . , . . . – .: -  « », 2003. – 751 c.

2. , . .   . 
 / . . . – .: -  « », 2005. – 336 .

3. ,  .  .     «
 »:    . – 2-  . / . .

, . . . – .: -  « »; -  «  », 2010.
– 125 .

4. , . .   : 
     (   

220301, 140607) / . . , . . . – : -  « »,
2011. – 36 .

5. , . .      Matlab-
Simulink:       / . .

, . . , . . , . . . – : -
« », 2010. – 49 .

6. , . .   . – 3-  .
/ . . . – .: -  « - », 2007. – 560 .



 

  ,   

  .
  

 

***
 . . 

***

   05. 04. 2013
 60 90 1/16.  

  
 Times New Roman

. . . 9,00, .- . . 7,1
 300 .   ___

 

 
644099, . , . . , 10

     


